Accurate estimation of the double-bounce scattering f d and surface scattering f s coefficients with Freeman-Durden decomposition is still difficult. This difficulty arises because overestimation of the volume scattering energy contribution P v leads to negative values for f d and f s . A generalized residual model is introduced to estimate f d and f s . The relationship between P v and the residual model is analyzed. Eigenvalues computed from the residual model must be positive to explain physical scattering mechanisms. The authors employ a new volumetric scattering model to minimize P v as calculated by several decomposition methods. It is concluded that decreasing P v can help reduce negative energy. This conclusion is validated using actual polarimetric SAR data.
Introduction
Among the incoherent target decompositions for polarimetric SAR (PolSAR) data, Freeman-Durden decomposition (FDD), which is based on a physical model, consists of three types of scattering mechanisms: volumetric scattering, double-bounce scattering, and surface scattering [1] . FDD has been used for PolSAR data processing, such as speckle filtering [2] , image classification [3] and soil moisture estimation [4] .
However, there are three concerns about FDD model: the assumption of reflection symmetry in the azimuth, the elimination of the negative scattering power contribution from d f and s f , and the selection of an appropriate volumetric scattering model   v . In urban settings, azimuthally symmetric reflection occurs inferquently. To remove the assumption that the reflection is symmetric, a helix was added as the fourth scattering component in Yamaguchi decomposition (YD), and similar terms (volumetric scattering, double-bounce scattering, and surface scattering) were used to those in the FDD model [5] .
A hybrid decomposition method was proposed by van Zyl et al. to overcome negative scattering energy [6] . Orientation angle compensation was employed by An et al. [7] and Lee and Ainsworth [8] to eliminate the negative scattering energy contribution. Subsequently, an adaptive model-based decomposition was proposed, which extended the method proposed by van Zyl et al. [9] . A hybrid Freeman/eigenvalues technique was used by Cloude for avoiding negative power problems [10] . Considering actual tree trunk and branch distribution, Yamaguchi et al. slightly modified the dipole model used in FDD model [5] . A unit matrix adopted as the new volumetric scattering model was introduced into the FDD method (abbreviated as UmFDD), and the major advantage of this new model was that it characterized the total randomness that was the prime feature of volume scattering [7] .
In this paper, the authors attempt to adopt a new volumetric scattering model to minimize volume scattering energy for eliminating negative coefficients of doublebounce and surface scattering. Firstly, the authors review three decomposition methods: FDD, YD, and UmFDD. A generalized residual model is introduced to link these methods. Then, the authors analyze the relationship between the volume scattering energy contribution v and the residual model. The eigenvalues are extracted to analyze whether the generalized residual model can be used to interpret physical scattering mechanisms. The volume scattering contribution v is minimized by means of a new model, which confirms that decreasing the volumetric scattering contribution can help re-duce negative energy and gives the residual model an ability to explain physical scattering mechanisms. 
Residual Model Extraction from
where denotes a conjugate operator and  an assembled average.   C is a positive semi-definite Hermitian matrix.
When a target is azimuthally symmetric, the reflection can be considered to be symmetric, and thus, the crossproducts of co-and cross-polarized returns are zero. Thus, 
where v d f f , and s f are scattering coefficients denoting the energy contribution for each scattering mechanism, respectively.
In FDD, the covariance matrix of the volumetric scattering component   v is modeled as the scattering from a cloud of randomly oriented dipoles or long thin cylinders,
 d is modeled as the scattering from a dihedral corner reflector,
and is modeled as a first-order Bragg scattering,
The coefficient f can be directly computed from (3) to be,
Then, the energy contribution v corresponding to the volumetric scattering component is,
Inserting (4)- (6) into (3), and using the expression of (7) and C in (2), one can algebraically express the following equations: (9), so all unknowns can be solved.
Residual Model Extracted from YD Method
Considering the special case, azimuthally symmetric in urban areas, Yamaguchi et al. added a helix as the fourth component [5] . The covariance matrix for helix scatter-
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 
Then, the covariance matrix C of (1) is modeled as the sum of the four scattering components:
where v d s , , f f f and h f denote the scattering coefficients for each scattering mechanism, respectively.
Yamaguchi et al. modified the volumetric scattering component [5] that was modeled as randomly distributed long thin cylinders [1] to reflect distribution patterns of tree trunks and branches. A general expression to repre-
With the value of 
The energy contribution corresponds to the volumetric scattering such that, 
Similar to the removal of v to obtain (9) , and after the elimination of helix scattering and volumetric scattering related components, (11) can be expressed as:
Also equivalently to (9) , (15) 
Residual Model Extracted from UmFDD Method
Considering that the volumetric scattering mechanism has high polarimetric entropy H , An et al. introduced a new model [7] , the unit matrix, which corresponds to totally random scattering. The coherency matrix for the
The correlation between the coherency matrix and the covariance matrix is,
 
The new volumetric scattering model is vunit C vunit used to substitute for the original one in FDD [7] , and the scattering coefficient f is,
The scattering energy contribution corresponding to this model is,
The residual model extracted from UmFDD is:
A Generalized Residual Model
Three of decomposition models: FDD, YD, and UmFDD, all can decompose the whole backscattering into three basic scattering mechanisms: volumetric scattering, double-bounce scattering and surface scattering. The differences are that the choice for the volume scattering model is different and the result for the volume scattering energy contribution is distinct. The volume scattering energy computed from FDD is the largest, YD followed by, and the value extracted from UmFDD is lowest.
After a close examination of (9), (15) and (20), one should note that the three residual models are structurally similar, with the double-bounce scattering and surface scattering related components on the right side of the equals sign in both equations. Symbolically, the right sides in (9), (15) and (20) are identical. Thus, a general expression can be used to represent them:
is the residual model of (9). 
Properties of the Generalized Residual Model

Relationship between Volumetric Scattering and Negative Energy
Eigenvalues of the Generalized Residual Model
Based on the work of van Zyl et al. [12] , the covariance matrix   C is expressed as the sum of a determined scattering model   model and a residual model C   residual , which has the same meaning as (21) but with a different formulation:
where a is constant. In this paper, we set , so (22) can be rewritten as:
The residual model (23) can be expressed as, f f f , and h f denote energy coefficients for different types of scattering mechanisms, they should all be positive, which is consistent with the actual physical scattering mechanisms observed in reality. Because surface scattering and double-bounce scattering have no contribution to cross-polarized return, the volume scattering coefficient v f can be directly estimated from PolSAR data. The helix scattering coefficient h f can be computed from (13) as well. Both v f and h f are positive, which can be seen from Equations (7), (13) 
The variables A, B, and C in (24) have the same meaning as those in (21). Because the right-hand side of (24) represents physical scattering mechanisms, the eigenvalues computed from (24) must be positive [12] . Only positive eigenvalues correspond to actual physical scattering mechanisms, which has been discussed in the work of van Zyl et al. [12] . Because volumetric scattering and helix scattering have been eliminated, there are at most two non-zero eigenvalues computed from (24). Both of the two eigenvalues should be positive, but this is not true. The following experiment is carried out to statistically count the percentage of negative eigenvalues computed from the residual model (24). It will show that the volumetric scattering contribution v has high correlation with the proportion of negative eigenvalues. v should be reduced to ensure that the residual model is able to represent the physical scattering mechanisms.
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Volumetric Scattering Model Minimization
In the previous section's analysis, it was observed that an overestimated volumetric scattering contribution v will lead to negative coefficients d f and s f and negative eigenvalues computed from the residual model (24). Thus, we try to minimize the volumetric scattering energy contribution v , so that the scattering coefficients P d f and s f We assume that volumetric scattering only has no contribution to co-polarized returns but to cross-polarized return. The covariance matrix for volumetric scattering, as shown in (25), corresponds to the minimum scattering energy contribution,
becomes the modified residual model extracted from YD. From (26), we learn that the volumetric scattering contribution v has been minimized. When v reaches its minimum, the negative scattering coefficients d
Experiment
The Advanced Land Observing Satellite (ALOS) L-band PolSAR dataset for San Francisco is used in this paper. The satellite image, including the ascending track, was acquired on 11 November 2009. The incidence angle is 22.74˚ in the near range and 24.95˚ in the far range. We chose a 512 × 512 sub-image for this experiment, and the sub-image is multilook processed in the azimuth direction.
First (25) is adopted under the assumption that volumetric scattering has no contribution to co-polarized returns but only to crosspolarized return, which is not consistent with physical scattering in reality. In this situation, the volume scattering energy contribution is less overestimated. We should keep a balance between the volumetric scattering energy contribution and the negative scattering coefficients d f and s f so that the volumetric scattering model can reflect the physical scattering mechanisms and the scattering coefficients d f and s f are accurately estimated.
Conclusions
To reduce the negative scattering coefficients for doublebounce scattering d f and surface scattering s f , a general residual model is introduced, which is extracted from FDD, YD, and UmFDD methods. There is a high correlation between volume scattering energy v and scattering coefficients d P f and s f . When the value of v is greater, the more negative In this paper, the authors adopt a new volume scattering model to minimize v . When v reaches to its minimum, the percentage of negative parameters d P P f and s f is greatly reduced, and the proportion of negative eigenvalue computed from residual model is rapidly decreased, which is validated using the actual Pol-SAR data. It is concluded that decreasing the volume scattering contribution v can help to reduce the presence of negative values for the scattering coefficients 
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